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Abstract. We introduce the concept of degree to classify the periods in the sense of Kont- 
sevich and Zagier Some properties of degree are proved. Using this notion we give some 
new understanding of some problems in transcendental nuinber theory. The zeta function 
of a peiiod is defined and some its interesting properties are given. 



1. Introduction 



In the wonderful exposition [2], Kontsevich and Zagier defined the concept of period: 
integral of a rational function over a domain bounded by polynomial inequalities with 
rational coefficients. By its definition the set of periods is countable and includes all alge- 
braic numbers. Moreover, it is a ring, the sum and product of two periods are still periods. 
Many important transcendental numbers arising from modular forms, L-functions, hyper- 
geometric functions, etc are periods. On the other hand, from the point of view of algebraic 
geometry, periods are integrals of closed algebraic differential forms over relative algebraic 
chains (cf.[l] and [2]). 

The Galois theory plays a fundamental role in algebraic number theory. What can we do 
something for transcendental number theory? From Grothendieck's motive point of view, 
period is a suitable category for building a Galois theory (called motive Galois group) ( cf. 



The periods are also intended to bridge the gap between the algebraic numbers and 
the transcendental numbers. They are natural objects whether from the point of view of 
number theory or algebraic geometry. 

The main purpose of the paper is to try to classify these periods under suitable category. 
The main tool is the concept of degree introduced by the author We find that this concept 
can give some theoretic solutions to some problems in transcendental number theory. For 
example, we prove that the sum of two transcendental periods with different degrees is 
a transcendental number. We also define the zeta function for a period and prove some 
interesting properties. 



Let us recall the definition of a period [2]. 

Definition 2.1. A period is a complex number whose real and imaginary parts are abso- 
lutely convergent multiple integrals 



[1])- 
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where E is a domain in R" given by polynomial inequalities with rational coefficients and 
/? is a rational function with rational coefficients. 

In above definition one can replace "rational coefficients" by "algebraic coefficients" by 
introducing more variables. Because ffie integral of any real function is equal to the area 
under its graph, any period can be written as ffie volume of a domain defined by polynomial 
inequaUties with rational coefficients. So we can rewrite ffie definition as 

Definition 2.2. A period is a complex number whose real and imaginary parts are abso- 
lutely convergent multiple integrals 

J dxi...dxn 

where S is a domain in R" given by polynomial inequalities with algebraic coefficients. 

For simplicity, in what follows we always use definition 2.2 as ffie definition of a period. 
The set of periods is clearly countable. It is a ring and includes all algebraic numbers. 
For instance, let p be an algebraic number, then 



-j 

Jo< 



dx. 

IO<x<p 

Many interesting transcendental numbers also are periods. 
Example 2.3. (1) 

n = 11 dxdy. 

(2) 

\og{q) = 1 I dxdy, 

jJl<x<q,xy<\,y>0 

where ^ is a positive algebraic number 
(3) All ^(s) {s is positive integers) are periods [2]. ^(s) is Riemann zeta function 



+ 00 ^ 



Recall ffiat (cf. [3]) ^i2k) = ■^Bkn^'^ where is ffie Bernoulli number. 
(4) Some values of the gamma function 

f-^e-'dt 





at rational values, Y{plqY (p, q €N)src periods [2]. 
(5) Let 

Ekiz) =- y - — — T 

m,nGZ;(m,«)-l 

be the Eisenstein series of weight k. If zq e Q, then n'^Ekizo) is a period [2]. 

Though there are numerous non-period transcendental numbers, we have not a simple 
criterion for testing ffiem. So the first essential problem is to find one concrete transcen- 
dental number which is not a period. 

It seems ffiat (conjecturally in [2]) the Euler constant 

7 = 2] (1 + ^ + - + ^ - logn) = 0.5772156... 
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and basis of natural logarithms 



e = } (1 + -)" = 2.7182818... 
n 



are not periods. 



3. DEGREE OF A PERIOD 



Since so many transcendental numbers are periods. How to differentiate them? To deal 
with this problem, we introduce the following concept. 

Definition 3.1. If p is a real period, we define the degree of p as the minimal dimension 
of the domain S such that 



where S is a domain in EucUd space given by polynomial inequahties with algebraic coef- 
ficients. 

For any complex period p = P\+ ipi, we define deg(p) = max{Aeg{pi), Aegipi)). 

If p is not a period, we may define the deg(p) = oo. Thus we can extend the degree to 
whole complex number field C. 

By the definition, deg(O) = and deg(p) = 1 if and only if p is an non-zero algebraic 
number. It is obviously that deg(;r) = deg(log(n)) = 2, n € Z,n > 1. 

Let P denotes the set of all periods. Let Pj, = {p € P| deg(p) = k}, then P = Ufc=o ^k- 
Thus we give a classification for all periods. 

The following two propositions are the basic properties of degrees. 

Proposition 3.2. Let pi,p2 be two periods, then deg(pip2) ^ deg(pi) + deg(p2) and 
deg(pi -I- pi) < maxidegipi), deg(p2)). 

Proof. First we consider the real case. Assume that deg(pi) = k, deg(/>2) = /. then there ex- 
ists two domains Si c R*, Z2 S R' both bounded by polynomial inequalities with algebraic 
coeflicients such that 



where Si x E2 c x R' = R*^' also bounded by polynomial inequahties with algebraic 
coefficients. So deg(pip2) ^ deg(pi) + deg(p2)- 
Suppose that k <l, then 



where A is the / - A:-times product of [0, 1]. Hence deg(pi -1- P2) < max{deg{pi), deg(p2))- 




Pi = 




One has 
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For the complex case, let pi - ai + ib\,p2 - ai + ibi, where ai,a2,bi,b2 are real 
periods. One gets 

degipip2) = Aeg{a\a2 - bib2 + i{aib2 + a2bi)) 

= max{deg{a\a2 - foifci), deg(aiZ72 + ^i^i)) 

< mflx(max(deg(flifl2), deg(bib2)), max(deg(aib2), deg(a2^i))) 
= max{deg(a 102), deg(b 1/72), deg(fl 1/72), deg(fl2^ 1 )) 

< max(deg(ai) + deg(a2), deg(^i) + deg(^2), deg(ai) + deg(^2), 
deg(a2) + deg(foi)) 

= deg(/7i) + deg(p2)) 



and 

deg(pi + P2) = maxidegiai + ^2), deg(foi + ^2)) 

< max(max(deg(ai), deg(a2)), max(deg(bi), deg(fc2))) 

= max(deg(ai), deg(fl2), deg(bi), deg(b2)) 

= max(max(deg(ai), deg(bi)), max(deg(a2), deg(i>2))) 

= max(deg(pi),deg(p2))- 



Generally, we can not get deg(pi + P2) - max(deg(pi), deg(p2))- The simplest example 
is = n,p2 = 1 - n. The following examples also show that the equaUty deg(pip2) = 
deg(pi) + deg(p2) is not true generally. 

Example 3.3. 1): Consider 

^= rrr dxdydz^ ff 

JjJx^+y^<l,0<z(x^+y^+l)<l JJx^+y^<l X +y +1 

-2k nl 



r" r rdrde 
Jo Jo + 1 



deg(^) < 3. But deg(7r) + deg(log2) = 4. 
2): Consider 

,= rrr rr 

J JJ;c2+/<l,0<z((;c2+y2)2+i)<4 jJx'^+^<\ (.X +y ) +1 

r^" r' Ardrde _ ^ 

~ Jo Jo '^ + 1 

deg(77) < 3. But 2 deg(;r) = 4. 

Proposition 3.4. If p is a nonzero algebraic number and pi is any non-zero period, then 
d&g(p+pi) = deg(/5i) = d&gippi). 

Proof. The first equality follows from deg(pi) - d&g{-p+p+pi) < deg(p+pi) < deg(pi). 
For the real case, deg{pp\) = degip\) is obviously from the definition. In complex case. 
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letp-a + ib, p\ - a\ + ib\, a,b eQ, a\ and b\ are any real periods. We have 

deg(ppi) — deg(flfli - bb\ + i(bai + abiJ) 

= max{deg{aai - bb{) deg(i>ai + ab{)) 

< max{max{deg{aa\), deg(fofoi)), max{deg{bai), deg(afoi))) 

= max{deg{aa\), Aeg{bb\), deg(fcai), deg(afci)). 

Since p i= 0, the last equation equals deg(pi). So deg(ppi) < deg(pi). But p is any 
nonzero algebraic number, so one has degCpi) = dcg(^ppi) < deg(ppi). Hence deg(/7i) = 
dcgippi). 

□ 

Denote Vk = {p € P| deg(p) < k], + P, = {pk + Pilpt ^^k,Pi€ P/}, P^P; = {pkPilPk g 
¥k,Pi e P;}- Then Pj: + P; c Vmaxikj) and P^P/ c Fk+i. Pk has a good graded characteristic. 
It is a additive group but in general (except k = I) not a ring. Proposition 3.4 tells us that 
fk is a Pi -module, i.e. Q-module. 

If we consider the map J : P x P ^ Z by 

iPuPi) 1-^ degipi -p2). 

It obviously satisfies 

• dipi,p2) = if and only if pi = p2. 

• dipuPi) = d(p2,pi). 

• d(pu Pi) < dipuPi) + d{p3,p2). 

So J defines a metric on P. The Pjt is a ball of radius k and center at 0. 

4. Some results of periods wiih low degrees and related problems 

Using the decomposition properties of rational functions with one variable, we can get 
the precise forms of some periods with degrees < 2. 

Theorem 4.1. Let p be a real period with deg(p) < 2. If it can be written as p = jR{x)dx 
for some rational function Rix). Then it has the form aarctanf + blogrj + c, where 

a, b, c,^,ri e Q. 

Proof. Because any rational function can decompose as following four types 

A A Bx + C Bx + C 
X - a' (x - a)"' x^ + bx + c' (x'^ + bx + c)" 

where A, B, C,a,b,c G Q and n > 2. By elementary integral theory, in every type the 
integral value has the form a arctan ^ + b log t] + c. □ 

It seems very difficult to determine the degree of a given period. We present following 
three problems. 

Problem 1: Give a concrete period such that the degree > 3. 

Problem 2: Let pi, pi be two non-algebraic periods. Does deg(pip2) > 2? 

Problem 3: Determine the precise forms of all periods with degrees = 2. 
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5. Apply THE DEGREE TO TRANSCENDENCE 



In general, determining the transcendence of the sum of two transcendental numbers is 
a very difficult problem. For example, the transcendence of e + ;r is a longstanding problem 
in number theory. But if the transcendental numbers are periods. We have some theoretic 
solutions. 

Theorem 5.1. Let pi, pi be two transcendental periods. Ifdeg(pi) + deg(p2), then both 
pilpi and p\ + p2 are transcendental numbers. 

Proof. If pi/p2 = a is algebraic, by Proposition 3.4 one have deg(;5i) - deg(/?2fl) = 
deg(p2). Which is a contradiction. 

Since deg{p\) + deg(/52), we may assume that deg(/?i) < ds,g(pi). By Proposition 3.2 
one has deg(;?2) = deg(-pi + pi + pi) < max(deg(pi),deg(pi + pi)) = deg(pi + pi) < 
maxidsgipi), deg(p2)) = deg(p2)- So we have deg(pi + pi)) = deg{p2). Hence p\ + p2 are 
transcendental. □ 

More generally, we have following result about Unearly independence 

Theorem 5.2. Let p\,p2 be any two complex numbers. Ifdeg{pi) + deg(/?2). then p\ and 
P2 are linearly independent over Q. 

Proof. If one is not a period, the theorem is obviously true. We may assume that both are 
periods. If p\ and p2 are linearly dependent, let ap\ + bp2 = c,a,b,€ Q\0,c € Q. Then 
deg(;?i) = deg(^ - ^p2) = deg(p2)- Which is a contradiction. □ 

It is obviously that above results can extend to arbitrary periods. That is, if 1 < 
deg(pi) < deg(p2) < •■• < deg(p^), then pi + p2 + -• + Pk is transcendental. If 1 < 
deg(pi) < deg(/?2) < — < ^^giPk) ^ then pi,p2, —,Pk are Unearly independent over Q. 

It was conjectured in [2] that the basis of the natural logarithms e is not a period, i.e. 
deg(e) = oo. This implies that e + ;r is a transcendental number. Using Theorem 5.2 we can 
improve this as 

Corollary 5.3. To prove that e + n is a transcendental number, one only needs to prove 
that deg(e) > 3. 



It is the analogue of Weil's zeta function for algebraic viiriety over finite fields. We find 
that has some interesting properties. 



6. ZETA FUNCTIONS OF PERIODS 



Let p be a period. We consider the following zeta function for p 




Theorem 6.1. (1) fo(0 - 1- Ifp is a non-zero algebraic number, then ^p(t) = j^^. 

(2) ^p,p,it) < (pXD^pM 

(3) ^pit) < exp(^). 

(4) //deg(pi) < deg(p2), thenCp,^p,{t) < exp(^^). 
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Proof. Since deg(O) - and deg(p) = 1 for non-zero algebraic number p. (1) is directly. 
From Proposition 3.2, we have 

rdeg(p7p™) 



(p,p,{t) = exp(2^ ) 



r(deg(/.7) + deg(p^)) 

exp( > ) 

m 

m=l 



and _ 

Jdegip) 



(pit) < exp( J] f deg(p)) = exp( Jp). 
If degOi) < deg(/72), 



m=l 



r ,V ^deg((pi+p2r) , 

m=l 

< exp( > ) 

'—i m 

m=l 



^ g^p^y ?"(fedeg(pi) + (ot - fc) deg(p2)) ^ 



m=l 

< expcV ^»^deg(p2) 

m 

m=l 

?deg(p2). 

In the second step we choose k such that degCp^p™"*^) = maxjdegCpjp™ ^ - ' - 

□ 

Problem: Let p be a non-algebraic period. Is ^pit) a transcendental function? 
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